Abstract: This paper discusses some details of Vachaspati's particle-monopole correspondence and their relation to a dual standard model. We show that contained within his correspondence are several sub-correspondences relating to electroweak, strong and hypercharge interactions. Associated with each of these we propose an analogous dual model; the use of these being to examine in isolation specific features of the dual standard model.
Introduction
Recently Vachaspati has discovered a remarkable correspondence between the elementary fermions and the monopoles of Georgi-Glashow SU(5) unification [1] . He found that the magnetic charges of the five stable monopoles from SU(5) → H SM = SU(3) C × SU(2) I × U(1) Y /Z 6 (1.1) are identical to the electric charges of the five fermion multiplets in one standard model generation. This result is clearly of fundamental significance to any method of describing unification. The aim of this paper is to examine the structure of this correspondence. We show that contained within it are specific sub-correspondences associated with electroweak, strong and hypercharge interactions. These allow study of particular facets of Vachaspati's correspondence, such as the strong or electroweak components. They also represent simpler examples of a similar nature.
Vachaspati suggested his discovery could indicate an origin of the observed elementary particles in terms of monopoles from gauge unification. To make this proposal concrete Liu and Vachaspati proposed a dual standard model [2] , where the elementary particles and their properties are represented as SU(5) monopoles. More recent work has built on this idea, and many elementary particle properties do appear to arise naturally within such a model [3] . In addition associated with such an approach is a particularly novel picture for the unification of matter; to highlight the distinction between this and grand unification we have referred to a unification of the dual standard model as dual unification.
In line with the dual standard model, we suggest that associated with each of this paper's sub-correspondences is a specific dual model. Respectively, these represent dual electroweak, dual hyper-strong and dual hypercharge models. Our hope is that examination of these simpler models will aid discussion of the dual standard model.
Before starting the main discussion it will prove useful to quickly review some details of SU(5) monopoles and how they relate to Vachaspati's correspondence. Of these the central feature is the SU(5) monopole spectrum, which is determined by the topology of the symmetry breaking (1.1)
This is dictated by the Z 6 quotient in H SM (which is contained in both U(1) Y and SU(3) C × SU(2) I but only once in SU(5).) Consequently the topology of H SM can be heuristically pictured as
To describe the spectrum of SU(5) magnetic monopoles it is convenient to consider them in a unitary gauge
Here Φ is the condensing adjoint scalar field, Φ 0 the vacuum, and g the SU(5) gauge coupling. The magnetic generator M then decomposes into individual colour, isospin and hypercharge components [4] 
with colour, isospin and hypercharge generators expressed in a suitable gauge as
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). (1.5)
From this structure Liu and Vachaspati [1] , following Gardner and Harvey [5] , constructed the spectrum of stable SU(5) monopoles. The main features in constructing this spectrum are: (i) their gauge equivalence; (ii) their topological stability; and (iii) their dynamical stability. For details we refer to the original references; however we note that similar arguments will be used within the rest of this paper. Carrying through such methods gives the following table of stable SU(5) monopoles: In addition there is a similar spectrum of oppositely charged anti-monopoles.
Vachaspati's correspondence is clear in table 1: the magnetic charges are identical to the spectrum of colour, isospin and hypercharge electric charges in one standard model generation. The precise monopole-particle identification is indicated explicitly by the fermions on the right.
As mentioned earlier, this table is the primary motivation for representing the elementary particles by monopoles in the dual standard model. However, it should be noted that to make this duality exact there are several issues to consider, for instance: (i) Generically monopoles have no intrinsic angular momentum, whereas all of the elementary particles are manifestly fermionic. As described in ref. [6] a compelling way of incorporating this property is by combining the monopoles with electrically charged scalars; such dyons can be spin half fermions [7] .
(ii) Parity violation is an important and intrinsic part of the electroweak sector of the standard model. It has been indicated in ref. [1] that a theta vacuum could play a role for incorporating this effect into the dual standard model. (iii) To break electroweak symmetry an additional magnetically charged scalar doublet is required in the dual standard model, so that its condensation can provide the necessary symmetry breaking (iv) Likewise a method of describing quark confinement is required. The most compelling description appears to be the dual superconducting model of confinement [8] , which has a natural place within this scheme [1, 9] . Then condensation of a suitably charged scalar field breaks SU(3) C × U(1) Y /Z 3 → U(1) Y , so that quark monopoles are connected by topological vortices.
For a more detailed discussion of these points we refer to refs. [1, 3, 10] .
A Dual Electroweak Model
This first correspondence relates to the electroweak sector. It is associated with an SU(3) unification of the electroweak isospin and hypercharge symmetries
Such a symmetry breaking can arise through condensation of an adjoint scalar field. For a suitable potential the scalar vacuum may take the form Φ 0 = iv(
, -1); associated with which are convenient isospin and hypercharge generators
where the other two isospin generators correspond to su(2) Pauli matrices embedded in the top left 2 × 2 component of SU (3).
A particularly important feature of (2.1) is the presence of a discrete quotient Z 2 in the electroweak symmetry group. This is because the element
is contained in both U(1) Y and SU(2) I but only once in SU (3); hence it must be divided out of (2.1). Such a quotient is the primary feature in determining the topology of H ewk , which can be heuristically pictured as
Associated with this are two types of uncontractible path: one purely in U(1) Y and another in both SU(2) I and U(1) Y .
To construct the duality we are concerned with the spectrum and properties of monopoles originating from the symmetry breaking (2.1). Their existence is associated with the second homotopy classes
As stated above it is the Z 2 quotient in (2.1) that determines this topology.
To determine the monopole spectrum it is convenient to define an associated magnetic generator M from the asymptotic form
Here we have taken a unitary gauge and there is an implicit Dirac string in the gauge potential. For the solution to be well-defined it is necessary that this Dirac string is a gauge artifact; this constrains the magnetic generator through a topological quantisation [11] exp(i2πM) = 1.
Thus M has integer eigenvalues. In addition a finite energy monopole necessarily has a massless long range magnetic field; this implies M is a generator of H ewk . In order to simplify the following discussion we now make a gauge choice that the magnetic field of the monopole takes the form [4] 
with the isospin and hypercharge generators defined in (2.2). It is then straightforward to find the admissible pairs (m I , m Y ) that solve the topological quantisation (2.6) and hence define monopole solutions: one simply has
This defines a lattice of magnetic charges in the plane defined by T I and T Y (with basis vectors (
, 1) and (0, 2).) We note that any monopole satisfying (2.6) is gauge equivalent to some monopole in this lattice [4] .
The task is now to find the gauge distinct, stable monopoles. To determine these we make a few observations about the above lattice of monopoles: (i) Gauge Equivalence: Not all of the (m I , m Y ) monopoles in (2.8) are gauge distinct. In particular the rigid gauge transformation
with
takes the monopole
Because of this the pairs (±m I , m Y ) are associated with gauge equivalent configurations. Then the corresponding monopoles are interpreted as being two-fold gauge degenerate with respect to the gauge choice of (2.7).
(ii) ; these may be unambiguously labeled by m Y whilst appreciating the degeneracy of (i). The question is now whether such monopoles are stable or whether they may fragment.
Following Gardner and Harvey [5] , and also Liu and Vachaspati [2] , we note that the interaction potential between two monopoles (m I , m Y ) and (m
where µ I and µ Y relate to the (positive) masses of the scalar bosons and are determined by the symmetry breaking potential. The point is that this is a potential well with V (∞) vanishing, so the two monopoles are classically bound providing
To see which monopoles are dynamically stable one has to find those with all possible decay products satisfying (2.12). These decay products must be of smaller topological charge to be less energetic (practically we take m Y , m In addition there are also the oppositely charged antimonopoles. The importance of table 2 is that the above monopole spectrum displays a similar correspondence to the SU(5) correspondence discovered by Vachaspati. Here the two stable monopoles have magnetic charges in the same pattern as the electric charges of the two lepton multiplets in one generation of the standard model. In addition the charge one monopole has two gauge degenerate states, analogous to the two isospin (ν R andē R ) states of the lepton gauge doublet.
For this reason we would suggest that analogous to the dual standard model one may construct a dual electroweak model, where the leptons can be modeled by SU(3) monopoles. That such a model can be constructed relates to a specific electroweak sub-correspondence of Vachaspati's original association. By considering just the electroweak part of the dual standard model one obtains only the leptons, which can only interact via the electroweak symmetry.
Of course to construct a dual electroweak model several other issues must be dealt with, just as in the dual standard model. In the introduction we summarised a few of these issues; those points that appear relevant to a dual electroweak model are as follows: (i) Theē L and (ν,ē) R leptons are fermions, of spin half. Therefore spin must somehow be incorporated within the dual electroweak model. As for the dual standard model, combining monopoles with electrically charged scalars seems to be the most compelling method.
(ii) Parity violation is an important and intrinsic part of the electroweak sector of the standard model. Again a theta vacuum appears related to this effect. (iii) To break electroweak symmetry to electromagnetism a magnetically charged scalar doublet is required, so that its condensation can provide the necessary symmetry breaking
The salient point is that isolation of these features within this simple dual electroweak model may aid study of their implementation and effect. In this respect of particular importance is the isolation of issue (iii).
A Dual Hyper-Strong Model
The construction of a hyper-strong correspondence follows along essentially the same lines as the electroweak construction in sec. (2) . Instead the colour and hypercharge gauge symmetries are unified within an SU(4) symmetry group SU(4)
Again this symmetry breaking can arise through condensation of an adjoint scalar field. For a suitable potential the scalar vacuum takes the form Φ 0 = iv(
); for which suitable colour and hypercharge generators are
, 0),
with the six other colour generators associated with su(3) Gell-Mann matrices embedded in the top left 3 × 3 component of SU (4) . Just as in the electroweak case a central feature of (3.1) is the presence of the discrete quotient Z 3 . This arises from the elements z = diag(e 2iπ/3 , e 2iπ/3 , e 2iπ/3 , 1), z 2 = diag(e 4iπ/3 , e 4iπ/3 , e 4iπ/3 , 1), (3.3)
being contained in both U(1) Y and SU(3) C but only once in SU(4). Dividing out this quotient determines the topology of H str , which can be heuristically pictured as Associated with this are three types of uncontractible path: one purely in U(1) Y and two others through both SU(3) C and U(1) Y To find the associated monopole spectrum we follow a similar procedure to sec. (2) . This time the spectrum is determined by the topology of (3.1), which is given by
Again the specific monopoles are defined through their magnetic generator M,
However now the gauge choice for the magnetic generators is more complicated than previously because SU(3) C is rank two. Hence the magnetic field is considered in the gauge [4] 
with the colour and hypercharge generators defined in (3.2). Substitution of (3.6) into the topological quantisation (3.5) leads to the following set of admissible triplets (m C , m C ′ , m Y ) that define monopole solutions:
Z,
Clearly these conditions are considerably more complicated than the isospin case. To simplify matters we note that the (m C , m ′ C ) lattice is the same when taking m Y → m Y + 2. Examples of elements in these three colour lattices are
Then the colour lattices are formed around these magnetic charges by the generators
, ± 1 2 )}.
As for the electroweak case some of these charges are gauge equivalent and not all are stable. A similar line of reasoning to sec. (2) determines the distinct, stable monopoles: (i) Gauge Equivalence: Not all of the monopoles in (3.7) are gauge distinct. For example the three rigid gauge transformation
take the following (m C , m C ′ , m Y ) colour triplets around
Consequently each of these colour triplets are associated with the same monopole, with that being three-fold gauge degenerate relative to the gauge choice (3.6).
(ii) Topological Stability: Not all triplets (m C , m C ′ , m Y ) are associated with topologically distinct monopoles. There are three basic monopoles with trivial topological charge, namely
all of whose magnetic generators are contained fully within SU(3) C . Consequently any two monopoles whose charges (m C , m ′ C , m Y ) differ by a combination of charges in (3.11) are topologically equivalent. Dynamically a monopole will radiates colour gauge bosons, lowering itself to the least energetic state with the smallest possible magnetic charge. (iii) Dynamical Stability: Thus we are left with those monopoles in (3.8) or their higher m Y charge associates. Such monopoles may be unambiguously labeled by m Y whilst appreciating the three-fold gauge degeneracy of (i). The question is now whether such monopoles are stable or whether they may fragment.
The interaction potential between two hyper-strong monopoles is completely analogous to (2.11), being
where µ C , µ ′ C and µ Y relate to the scalar boson masses. Again since V (r) is a potential well with vanishing V (∞) the two monopoles are classically bound providing
To see which monopoles are dynamically stable one has to find those with all possible decay products satisfying (3.13). For sufficiently small µ Y these are: In this table we have suppressed the m C ′ index, with both coloured monopoles being members of a red, green, blue colour triplet. We also note that there is a similar set of antimonopoles, which are also stable. The importance of table 3 is that there is again a similar correspondence between elementary particles and monopoles. This time the three stable SU(4) monopoles display a similar pattern of charges to the three isospin singlets in one generation of the standard model. The two coloured monopoles also have a three-fold gauge degeneracy, similar to the red, green, blue gauge degeneracy of thed L and u R quarks.
For this reason we propose that one may construct a dual hyper-strong model, where the isospin singlet quarks and leptons are represented by SU(4) monopoles. Again the construction of such a model relates to a particular sub-correspondence of Vachaspati's original; with consideration of only the hypercharge and colour interactions yielding only the isospin singlets.
As for all of the dual models there are several issues that need to be covered before an accurate duality between elementary particles and monopoles can be constructed. Those that appear relevant to a dual hyper-strong model are: (i) Again some method of making the monopoles spin needs to be incorporated; of which making fermions out of bosons appears the most natural way.
(ii) Again there is parity violation in the spectrum of quarks and leptons; of which a theta vacuum appears likely to play a role. (iii) Some mechanism for confining the quarks into hadrons is required. For the dual standard model Liu and Vachaspati showed that the dual superconducting interpretation of confinement has a natural place within that scheme. Condensation of a suitably charged scalar field breaks
(3.14)
thus quark monopoles are connected together by topological vortices, resulting in permanent and total confinement. Again the salient feature of this dual hyper-strong model is that it allows study of the above features in isolation. Particularly important is the isolation of point (iii).
A Dual Hypercharge Model
For completeness we now describe a similar hypercharge correspondence. This case is rather trivial compared to the electroweak and hyper-strong ones, although its existence is important to understanding the full content of Vachaspati's correspondence and hence the dual standard model's structure.
This correspondence arises through embedding the hypercharge symmetry within an SU(2) group SU(2)
Just as in the previous cases symmetry breaking is achieved through condensation of an adjoint scalar field. For a suitable symmetry breaking potential the vacuum may be taken as Φ 0 = iv diag(
) so that a suitable hypercharge generator is
).
Clearly this is just the SU(2) Georgi-Glashow model.
As is familiar this model admits stable 't Hooft-Polyakov monopoles [13] , with also their higher charged analogues. In the unitary gauge their asymptotic form is
Only the 't Hooft-Polyakov monopole and antimonopole m Y = ±2 are stable to fragmentation; as may be seen through a similar argument to that used around equation (2.12) . Consequently the spectrum of stable monopole solutions from the symmetry breaking (4.1) is simply: In addition there is an oppositely charged antimonopole, which is also stable. The correspondence this time is between the above monopole andē L , which is charged only under hypercharge. To construct a dual hypercharge model similar considerations as before apply, namely: (i) Again some method of including spin must be included, of which the fermions from bosons mechanism is the most compelling.
(ii) Also parity violation is explicit in the above table.
We note that the main virtue of a dual hypercharge model is that is allows features (i) and (ii) to be discussed in isolation of the other content of the dual standard model.
Discussion
In this paper we saw that Vachaspati's correspondence between SU(5) monopoles and elementary particles appears to have several related versions associated with electroweak, hyper-strong and purely hypercharge physics. We now discuss some implications of this structure: (i) Connection to the Dual Standard Model: Each of the correspondences discussed in this paper can be interpreted as a subcorrespondence of Vachaspati's original. That is each of the electroweak, hyperstrong and hypercharge correspondences is contained within the standard model one. The way they are contained is essentially geometrical and gives some feeling for the intricacy of Vachaspati's correspondence.
The point is that each spectrum of monopoles in secs. (2, 3, 4) relates to a specific sub-spectrum of SU(5) monopoles within table 1. This relates to the geometric properties of the Z 6 quotient in (1.1), which determines the six intersection points in fig. (1) . To see this split the Z 6 of H SM into
where the Z 3 relates to SU(3) C , whilst Z 2 relates to SU(2) I . These Z 3 and Z 2 subgroups define the sub-correspondances pictured in figs. 2 and 3. The hypercharge duality arises simply from the trivial subgroup 1 ⊂ Z 6 . The above argument is diagramatically depicted below: (ii) Use as Simpler Test Models: Trying to describe the standard model through a dual formulation with particles represented by monopoles is a fairly difficult task. Whilst many features of the standard model, such as electroweak symmetry breaking and confinement, appear to have a fairly natural analogue within the dual standard model a concurrent investigation of all such features is complicated.
We think a use of the dual models discussed in this paper could be as simpler test model to discuss certain features of the dual standard model. For instance electroweak symmetry breaking could be analysed by discussing the features of a dual electroweak model, whilst confinement could be examined through the features of a dual hyper-strong model. Our hope is that the techniques discussed in this paper will allow a more complete understanding of the dual standard model to be developed.
